The field equations of elementary domains proposed by Yukawa in 1968 are studied from the viewpoint of particle embedded AdS 5 spacetime with warp factor. The fifth dimension in AdS 5 is known to produce the branes associated with the energy hierarchy as a effect of the warp factor. The particles embedded in this spacetime behave as those in an infinite square well potential due to the boundary conditions in the fifth dimension. Then the superposition of the fields for those particles leads to a Yukawa's domain type of difference equation under some conditions. As a new perspective on AdS spacetime, we investigate the mechanisms that lie between the domain type of field equations in this sense and the spacetime with a compact extra dimension in detail.
Introduction
The anti-de Sitter space brought various interesting points of view in the modern elementary particle physics since the appearance of the AdS/CFT correspondence [1, 2, 3] . In particular, the fifth dimension in AdS 5 spacetime with the warp factor (RS model) plays a significant role to understand the energy hierarchy of respective branes distinguished by the fifth coordinate [4, 5] ; in this sense, the high and low energy ends of the fifth dimension are called respectively as UV brane and IR brane.
From a quantum mechanical point of view, the fifth dimension gives another interesting aspect for a field in the IR brane. The fifth coordinate 0 ≤ y ≤ L of a particle embedded in AdS 5 spacetime cannot run off the both ends because of the boundary conditions like the infinite square well potential problem. As a result, the Green function in the bulk of AdS 5 spacetime shows a periodic structure with respect to the fifth coordinate [6, 7] . Then, if the fifth dimension is inclined toward time direction, the y periodicity of the Green function will be transcribed on a time variable. When we describe the propagation of the field on the IR brane by this Green function, the timelike periodicity of the Green function is expected to cause a difference type of field equation on the IR brane. Indeed in [8] , we outlined the story that a one-dimensional compact extra space, the fifth dimension, attached to M 4 spacetime causes a domain type of field equation in M 4 due to the periodic structure of the Green function.
Historically, in 1968, a similar type of field equation has been proposed by Katayama-Yukawa-Umemura in their theory of the elementary domain [9, 10] as part of non-local field theories. Back in 1949, Yukawa proposed a bi-local field theory [11, 12] as the start of his works on the non-local field theories. Nowadays, the bi-local field theories are understood from a view point of relativistic twobody problems [13, 14] ; and recently, a new aspect of the bi-local fields was added from a viewpoint of the composite fields [15, 16, 17, 18] in the higher-spin gravity theories based on AdS spacetime.
In those days, however, Yukawa did not get the satisfaction out of the bilocal field theories, and he proposed a more drastic field equation, a difference type of field equation, such that
where {e
µ } is a vierbein, andŜ λ is an operator depending on the model construction. Yukawa considered this type of field equation is a natural landing in the non-local field theories, although there are less guiding principles to derive it.
In spite of Yukawa's expectation, the Eq.(1.1) was not succsseful as an elemen-tary field equation, since it allows several types of ghost solutions. However, if we regard Eq.(1.1) as an effective-field equation of underlying elementary fields, then the outcome of domain type of field equations is not so extraordinary; and, those field equations are expected to be useful in studying the AdS spacetime itself. The purpose of this work is thus, to investigate the domain type of field equation based on the AdS 5 spacetime as an unnoticed route to investigate the AdS 5 spacetime itself and its related problems.
In the next section, we discuss toy models of spin-less particles embedded in five-dimensional Minkowski spacetime, M 5 , with compact fifth dimensions inclined toward time direction. There, we derive the Green function G ba of the particles embedded in this spacetime; and the propagation of source fields on IR brane is formulated in terms of a reduced Green function G ba defined out of G ba . There, the discussion is also made on the relation between the domain type of fields in IR brane and the fields obtained by the propagation of those source fields.
In section 3, the discussion is extended to the particles embedded in the AdS 5 spacetime with warp factor. In this case, the Green function representing the propagation of particles through the bulk becomes complex. It is, however, shown that the Green function can be reduced essentially to one in the previous section under an appropriate representation of coordinates in addition to a fine tuning of mass parameter.
The domain type of field equations given in those sections depend explicitly on the time direction; and, the Lorentz invariance of the formulation is broken. Section 4 is an attempt to recover the invariance of the present model by replacing the time direction to a timelike direction associated with a timelike vector on each y-fixed brane defined from the spin degrees of freedom of the particles.
Finally, section 5 is devoted to the summary and discussion.
In Appendix A, we discuss the RS spacetime with the extra dimension inclined toward time direction as the solution of Einstein equation. Appendix B is a short discussion on the spin representation space.
Particles in a five-dimensional spacetime with the extra-dimension inclined to time direction
We consider a five-dimensional Minkowski spacetime (M 5 ) (xμ) = (x µ , x 5 ), (µ = 0, 1, 2, 3) with the metric diag(ημν) = (− + + + +) realized as the limit of vanishing warp factor in the RS model. Namely, the spacetime is flat, but the fifth dimensional space is the S 1 /Z 2 orbifold, where S 1 is the circle with radius R parametrized by −π ≤ θ ≤ π; and we set x 5 = y = θR, (L = πR). In other words, the space time is M 4 ⊗ S 1 /Z 2 . In subsection 2.1, the Green function of particles in this spacetime is discussed; and, in subsection 2.2, the discussion is extended to the cases of spacetime with two types of extra dimensions inclined to time direction.
Periodic structure of Green function for Klein-Gordon type of equation
The Klein-Gordon type of equation for a free spin-less mass m 0 particle in this spacetime is
Reflecting the S 1 /Z 2 orbifold structure of the y variable, we require the following Dirichlet type of boundary conditions:
Then the dynamics of y variable comes to be equivalent to that of a particle in the box 0 ≤ y ≤ L (infinite square well); and so, from Eqs.(2.1) and (2.2), the orthonormal complete basis in the y space are
3)
The functions (2.3) satisfy the eigenvalue equationp 2 y φ n (y) = λ n φ n (y), (p y = −i ∂ y ) and the periodic conditions φ n (y) = φ n (y + 2πR) = −φ n (−y).
The Green function of the Klein-Gordon type of equation (2.1) can be represented by using the complete basis {φ n } and the eigenstates of four momentum
Here, the summation with respect to n can be rewritten as
(2.5)
Using, further, Poisson's summation rule 1 , the right-hand side of Eq.(2.5) becomes r.h.s = 1 iL dp y L π
, (2.6)
is a periodic function of p with the period π /L, it can be expanded in the Fourier series of er(p) = L π e i2Lrp/ , (r = 0, ±1, ±2 · · · ) so that
Here, the coefficients {fr} are given by fr =
L/π . Substituting the results for the Fourier series, we arrive at the summation rule:
where the use has been made of the notations
Therefore, the Green function G ba can be represented by [6, 7] 
It is obvious that the Green function G ba (x ba ,ȳ ba ,y ba ) satisfies the boundary conditions G ba ya=0,L = G ba y b =0,L = 0 as a result of Eq.(2.2). We also note that the G ba (x ba ,ȳ ba ,y ba ) is not invariant under the translation to the fifth direction due to the presence ofy ba , the mean value of y a and y b , but invariant under the discrete transformationsy ba →y ba ± L andȳ ba →ȳ ba ± 2L; and so, one can write
Then, the field defined by 2 If we use
ab , (a, b > 0), one can write
It should be stressed that the Ψ(x b , y b ) is a one-particle wave function, a classical field, resulting from the propagation of Φ(x a , y a ) under the effect of the fifth dimension; in other words, Ψ(x b , y b ) is a functional of Φ(x a , y a ) with a dressed effect in the fifth dimension. Then, the field Ψ(x b , y 0 ), (0 < y 0 < L)
on a fixed y (= y 0 ) plane.
It is, now, interesting to read y 0 = 0 and y 0 = L planes as UV and IR branes respectively for realistic applications, despite the warp factor is not introduced in this stage. Here, if we can put
will be respectively a source field and its dressed functional living in IR brane.
This viewpoint looks to cause a problem, since the Green function vanishes on
When the extra dimension is inclined toward time direction, however, the situation will be changed. In such a case, as will be shown in the next subsection, we don't have to identify the ends of y space and the points, on which the boundary conditions (2.2) are applied. In addition to this, then, the Green function has a timelike periodicity through the y periodicity, which add 
Models of the fifth dimension inclined toward time direction
In the following attempts (i) and (ii), each extra-dimension is inclined toward time direction through linear-coordinate transformations with constant coefficients. Although the introduction of such an extra dimension spoils the Lorentz symmetry of the formalism, we don't worry about this problem until section 4, where a model recovering the symmetry is discussed.
(i) Lorentz boost
Let us consider two reference systems in five-dimensional spacetime: Σ system with the coordinates (xμ) = (x 0 , x i , x 5 ), (x 5 = y) and Σ ′ system with the co-
, which moves against the Σ system along the fifth direction with a constant velocity cβ; we set the coincidence Σ = Σ ′ at x 0 = 0. Using the basis vector eμ towardμ-th direction with the covariant components (eμ)ν = δμ ν , one can write xμ = eμ · x = (eμ)ρxρ. Similarly, in terms of the basis vector defined by
the coordinates in Σ ′ system can be written as x ′μ = e ′μ · x. By definition, the {e ′μ } is a moving frame against the static frame {eμ}. Now, writing the particle position variables as xμ(τ ) with the time ordering parameter τ , the square of the world-line interval of a particle becomes
whereẋμ (ẋ ′μ ) is the five velocity of the particle in Σ (Σ ′ ) system. Then, the Lagrangian of a mass m 0 particle is given by
Here the e is the einbein in τ space. The variation of L with respect to e leads to the constraint
where pμ (p ′μ ) is the momentum conjugate to xμ (x ′μ ).
In q-number theory, the wave function characterized byK|Ψ = 0 is solved as a function of xμ (x ′μ ) in the reference system Σ (Σ ′ ). The stand points of two reference systems are relative; and we regard Eq.(2.1) as one in Σ ′ system. The extra-dimension in Σ ′ system has the interval 0 ≤ y ′ ≤ L, in which the boundary conditions (2.2) is. On the other side, the interval of the extra-dimension is 0 ≤ y ≤L = L 1 − β 2 for the observer in Σ system ( Fig.1 ). 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000 00000000000000000000
Since the fifth dimension is compact, the Lorentz boost should be understood
Then, the time dependent y ′ axis is rep- Under those understandings, the Green function
tem is the function (2.9) written by x ′μ . The Green function in Σ system is, then, obtained from that in Σ ′ system by substituting e ′μ · x for x ′μ so that
The resultant expression says that the G ba is a periodic function of y with the periodL; and, in this sense, we can put the congruence y ≡ y +L in y space.
Under this congruence, as shown in Fig.1 , we can regard y = 0 and y =L as the boundaries of extra dimension in Σ system, which should be identified as UR and IR ends respectively.
The propagation of initial source field Φ(
plane is, thus, described by the reduced Green function
by which one can write the counterpart of Eq.(2.12) as 
The result is not trivial, since this finite-time displacement equation holds only for the parameter L B = L/S β with β = 0; otherwise, the form of the Green
ba in Eq.(2.20) will be changed.
(ii) rotating S 1 circle
As another possible model of the extra dimension inclined toward a time direction, let us consider the circle S 1 with radius R, on which two coordinate systems of angle variables {θ} and {θ ′ } are defined. First, the {θ} defines the fifth-dimensional space with the period 2π by θ ≡ θ + 2π. Secondly, the {θ ′ } is the angle variable defined by θ = θ ′ + Ωx 0 , where cΩ is a constant angular velocity of the rotation.
Under the projection from the circle to horizontal axis by dy = Rdθ and Fig.2 , one can regard the coordinates (x µ , y) and (x µ , y ′ ) respectively correspond to those in Σ and Σ ′ systems in the case (i), although those are not inertial reference frames. In this case, the basis vector of Σ ′ system is (e ′ µ , e ′ 5 ) = (e µ , e 5 − βe 0 ) with (eμ)ν = δμ ν . Then, as in Eq.(2.14), the world-line interval of a particle can be set as
Since, by definition θ ≡ θ + 2π and θ ′ ≡ θ ′ + 2π, one can set y ≡ y + 2L and
, where L = πR. If we require y ≡ y + L ≡ −y for fields on y space, the circle becomes the orbifold The Lagrangian of a mass m 0 particle embedded in this spacetime has the same form as (2.15) with the world-line interval (2.21). The variation of L with respect to e yields the constraint
where p ′μ (pμ) is the momentum conjugate to x ′μ (xμ). In q-number theory, KΨ = 0 represents the field equation of this particle. As in the case of (i), the Green function G ba = (K −1 ) ba associated with the boundary conditions
for (x ′µ , y ′ ), the Green function in xμ coordinates, thus, can be written as
Here, we again regard that the hyper-surfaces of y = 0 and y = L are corresponding to the UV and IR branes, respectively. The propagation of initial
Then, in a similar way discussed in Eq.(2.20), one can derive the finite-time displacement equation
where L R = L/β. The result is the same as Eq.(2.20) except the substitution
ba , L R ). So, as the occasion arises to lump the cases (i) and (ii), we write L B and L R as L e in common; and we use the symbol G ba simply.
Free domain type of field equation in IR brane
Until now, we have only shown that some types of extra dimensions inclined toward time direction lead to the finite-time displacement equations such as 
The Eq.(2.30) can be satisfied by 
Spin-less particles in AdS 5 spacetime
In this section, we discuss a free spin-less particle embedded in a modified AdS 5 spacetime characterized by the warp factor e −2ky . In the RS model, the spacetime is characterized by the metric diag(gμν) = (e −2ky η µν , 1) (
Then, as usual, the square of the world-line interval of a particle embedded in this spacetime is given by ds 2 = gμν δxμδxν , where δxμ = (eμ ·ẋ)dτ with (eμ)ν = to derive a well behaved wave equation in terms of the variable z = e −ky . The introduction of a five vector such as (3.2) spoils the Lorentz invariance in each y-fixed brane; however, we don't worry about this problem, since the invariance is easily recovered by considering a particle with dynamical variables other than the position variables as shown in the next section.
Wave equation of the particle and the tuning of its mass in UV brane
We start with the Lagrangian (2.15) with the world-line interval (3.2). As usual, the variation of this Lagrangian with respect to e gives rise to the con- 4 In order to know the background spacetime of the particle in more detail, it is interesting to study spacetime with the metric g ′ µν = gαβ(e ′α )μ(e ′β )ν as a solution of the Einstein equation. From this purpose, the discussion will be made on the spacetime characterized by the line element
From a technical reason for transition to q-number theory, we divide this constraint into the following two constraints in extended phase space:
where u is an auxiliary variable in the extended phase space, and p u is the momentum conjugate to u 5 . The Eqs. β , we use those equations in the following forms:
The Klein-Gordon type of equation (3.6) says that m y = m 0 e −ky is the effective mass of the particle in a y fixed brane; and so, m 0 and m L are masses in UV and IR branes respectively. To deal with Eq.(3.6), it is convenient to use the variable z = e ky , (1 ≤ z ≤ L z = e kL ) rather than y. Then, by takinĝ into account, Eqs.(3.6) and (3.7) can be rewritten as followŝ Hereby, under the unitary transformationsK
u , those equations becomê 
Now, Eq.(3.14) has an interesting form, in which V (z) ≡ −( k) 2 ∆ z 2 plays the role of an effective potential in z-space, the sign of which is decided by the ratio between m 0 and k. If we assume that the large mass hierarchy is realized by M W ≃ e −kL M P , where M W and M P are respectively a mass in TeV scale and the Planck mass, then the spacetime parameter will be estimated as kL ≃ 35.
The k 2 is proportional to the scalar curvature in AdS 5 spacetime; and, its scale is usually set to be k ∼ l −1 P , the scale of inverse Planck length. The effective potential V (z), then, becomes negative for that the Compton wave length of the particle λ -≡ m0c is larger than the twice Planck length 2l P ; that is, for
A particular interesting choice of the proper mass of the particle is to put In what follows, we confine our attention to this particular interesting case only.
Difference type of equation for a tuned-mass particle
The Klein-Gordon type of fields {Ψ} are wave functions in ∆ = 0 system; we apply the boundary conditionΨ(x, 1) =Ψ(x, L z ) = 0, by which the independent basis in z space are given by φ
This equation suggests to use
then, we arive at the equation (3.15) where Ψ(x, z) = z − kβx 0 Ψ(x, z) and the same is ture for Φ(x, z). The last step to make reduce Eq.(3.15) to one in IR brane, we put
where
Since the Green function G ba have the periods 2L (z) and L (z) with respect to the second and the third arguments respectively; and so, the restricted green function G ba (x ba ,x 0 ba ) has the period L e = 2L (z) /kβ with respect tox 0 ba . Thus one can derive, again, the finite-time displacement equation As a model of such a particle, we study a spinning particle characterized by the world-line interval such that
where gμν is the RS spacetime metric; and, we read (e ′μ ·ẋ) as an effective velocity of the particle relative to the background spacetime. The Lagrangian for the particle in this model is set as
where −i ζ A is the momentum conjugate to θ A . We put simply κ as a constant, although it may be a scalar function constructed out of (θ, ζ) in general. In qnumber theory, thus, we require the anti-commutator {ζ
AB ; more details on the spin
representations in the present model will be given in Appendix B.
Varying the Lagrangian (4.2) with respect to e, one can derive one constraint corresponding to a wave equation in q-number theory. According to the prescription in subsection 3.1, we deal with this constraint, by introducing an auxiliary canonical pair (u, p u ), in the form of a pair of constrains
and
, the K S can also be written as
We, here, regard that the V 2 ⊥ = V 2 − V 2 takes a constant associated with the representation of (θ, ζ) in q-number theory. In other words, the explicit form of K S is determined for respective spin representations. Now, similarly in subsection 3.1, we define the operatorK (S) = e −2kyK
S in the q-number theory such that
andK S Ψ = 0 is regarded as one-particle wave equation 6 intrinsic to this spinning particle. Then, with consideration for 
where A = V 2 ⊥ β 2 + 1 and
In this stage, we eliminateφ (S) z −1/2 , we finally arrive at the expressionK 
the same path discussed in subsection 3.1, one can solve K (S) Ψ = Φ in the form
where Ψ(x, z) = z − kβ(x · V )Ψ(x, z) and the same is true for Φ(x, z). Fi-
, we obtain the expression of Eq.(4.11) on the IR brane so that
Now, remembering that the Green function G ba in Eq.(4.13) has the periods
A with respect to the second and the third arguments respectively, one can derive the finite displacement equation
where L e = 2L (z) /(kβV 2 ), and the V 2 has been treated as a number given by the spin representation under consideration. The discussion after this, thus, can be done in parallel with section 2 and section 3. For example, for (+) sign of Eq.(4.14), let us consider the case such that 15) in order to regard Ψ b as a domain type of free field, a dressed functional of Φ a , then with the aid of V · ∂ = V · ∂, we arrive at the equation
This is an example of the domain type of field equation invariant under the Lorentz transformation. This is the result that is wanted to derive based on the particle models embedded in AdS 5 spacetime.
Summary and discussion
In this paper, we have studied the possibility to regard Yukawa's domain type of field as an effective field associated with the particles embedded in the AdS 5 spacetime with a warp factor e −2ky . The keys to get such an effective theory are threefold; the first is a periodic structure of Green function of the particle in the AdS 5 spacetime with respect to the fifth coordinate variable y;
the second is the mixing between the time and the fifth directions in some way, the third is the choice of the function space of initial source fields in IR brane.
In more detail, the fifth dimension in the AdS 5 spacetime with the warp factor is the one dimensional orbifold, in which the particles suffer an infinite square-well potential under the Dirichlet type of boundary conditions at both ends of the fifth dimension. Then there arises a periodic structure to the Green function just like the problem of the particle in a box.
When x 0 and x 5 (= y) are mixed in the Green function, its periodic structure with respect to the x 5 variable will be copied to the x 0 variable. In a sense, the mixing is an introduction of a time-dependent extra dimension or a moving-extra dimension for the particle. When we write the world-line interval of a particle with of the background spacetime metric gμν so that ds 2 = gμν δxμδxν, ( δxμ = (e ′μ ·ẋ)dτ , the mixing is attributed to the velocity (e ′μ ·ẋ).
To make clear the mixing, we first studied two types of toy models of particles So, we lastly studied a model of spinning particle, in which the mixing of variables is caused between V ·ẋ and x 5 , where V µ is a four vector living in each brane, and is constructed out of the spin degrees of freedom of the particle. We also note that the Green function G ba = G ba boundary defines a specific graph in the product space Ψ b × Φ a ; and, it will be significant attempt as the next task to attack the AdS spacetime structure associated with G ba conversely from the viewpoint of the graph structure. that is, the Lorentz invariant formalism will be realized in this case too. Those are the interesting forthcoming problems.
In association with the discussion in section 3, we here study the spacetime models characterized by the line element 
Now, using the 1-forms {dxμ}, the exterior derivatives of xμ's characterized by dxμdxν = −dxνdxμ and d(dxμ) = 0, let us define the 1-forms in the localLorentz basis such as ω (μ) = e (μ)ν dxν, to which the inverted relations dxμ =
where M = AC − BD. Then, it is not difficult to find the connection forms defined by dω
In terms of those connection forms, the curvature 2-forms are defined by
(ν) , which can be derived from (A.6) after tedious calculation in the following form:
Introducing, here, the tangent basis E (μ) = e (μ)ρ ∂ρ, to which the inner products
write the cuarvature tensor as R
The results are summarized as follows
, and δ (5) = −3BDD 2 0 ; those results give rise to the scalar curvature such that 
Appendix B. Spin representation space
In this paper, the gamma matrices characterized by {γ µ , γ ν } = 2η µν are taken to be the Majorana representation, which are given explicitly by rise to A|S n = |S n , (n = 0, 1, 2), and A|α = (3β 2 + 1)|α and so on. In any case, the eigenvalues of A are greater than 1, and they remain in finite numbers provided that θ and ζ are Grassmann variables.
We finally comment on the Weyl spinors (ξ, η) related to (θ, ζ) by 
